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Abstract 

To obtain some exact results of U(l) gauge theory (QED), we construct 
the low energy effective action of N=2 supersymmetric QED with a massless 
matter and Fayet-Iliopoulos term, assuming no confinement. The harmonic 
superspace formalism for N=2 extended supersymmetry makes the construc- 
tion easy. We analyze the vacuum structure and find no vacuum. It suggests 
the confinement in non-supersymmetric QED at low energies. 
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I. INTRODUCTION 



QED is the most successful quantum field theory in the phenomenological point of view. 
In fact, QED perfectly describes the electromagnetic interaction at low energies. However, 
there is a question whether QED is a fully consistent theory beyond the perturbation theory. 
QED has the Landau ghost problem and the renormalized coupling constant vanishes. 
This means QED may be trivial as a quantum field theory, and it can only be regarded as 
a low energy effective theory. 

On the other hand, Miransky suggested that QED is non-trivial 0. He investigated 
a truncated Schwinger-Dyson equation for the fermion propagator and found a continuous 
chiral phase transition. He claimed that the chiral symmetry is spontaneously broken in the 
strong coupling phase. After his work, non-perturbative studies of QED have been done 
extensively IQ-Q. Some of numerical simulations were carried out to understand whether 
QED is trivial or not. Kogut et al. claimed that the existence of a chiral phase transition 
was confirmed by numerical studies 0. On the other hand, DESY-Jiilich group claimed 
that QED is a trivial theory which is described by a Gaussian fixed point, and the critical 
behavior around it is similar to the one of the Ac;/)^ model [0 . This controversy is not resolved 
yet. 

Recently, there has been much progress in the understanding of the non-perturbative 
dynamics of A'=l and N=2 supersymmetric four- dimension field theories. The exact su- 
perpotential can be derived in A'=l supersymmetric QCD (SQCD: supersymmetric SU(A''c) 
gauge theory with vector-like matters) H], and the models with various gauge symmetries 
and matter contents have been investigated. Seiberg and Witten derived the exact low en- 
ergy effective action for N=2 supersymmetric SU(2) Yang-Mills theory in Coulomb phase 
up to two derivatives 0, and generalized it to the case of N=2 SQCD ||lOl. Their method 
was applied to the different gauge groups and the solution was obtained. 

Since we can derive the exact low energy effective action (LEEA) of N=2 supersymmetric 
gauge theories, we can expect to extract the exact information of non-supersymmetric gauge 
theories, QED and QCD, for example. A simple way to break supersymmetry is to add soft 
supersymmetry breaking terms. In Refs. []TT]-0 soft breaking terms are used to explore 
A'=l supersymmetric QCD and the phase structure of these theories in the absence of 
supersymmetry. We will focus on N=2 supersymmetric QED (SQED) with a massless 
matter to explore A'=0 QED. It is well known that Fayet-Iliopoulos (FI) term spontaneously 
breaks supersymmetry in N=2 SQED [|r^l9|. We construct the exact LEEA of SQED with 
FI term not introducing the soft breaking terms by hand. 

In Refs. PJTOH [pJ] -[T6| A^=l superfields were used to describe N=2 supersymmetric the- 
ories. Therefore, N=2 supersymmetry was not manifest in those works. We can use con- 



strained superfields on the standard N=2 superspace ||2^, but these are not appropriate to 
the construction and the analysis of the LEEA, because the description becomes extremely 
complicated when the interaction is included on. An elegant off-shell formulation of N=2 
supersymmetry is the harmonic superspace formalism, developed by Galperin et al. ||23[| . 
In this formalism superfileds are unconstrained and we do not need to solve complicated 
constraints. N=2 supersymmetry is manifest at each step of the calculation. We will see 
that this formalism is very powerful for constructing the LEEA in this paper. 

The plan of this paper is as follows. In Sec. II we briefly review the harmonic superspace 
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formalism stressing some important points for our main. In Sec. Ill we construct the LEEA 
of SQED without the FI term as the first step. In Sec. IV we extend the discussion in the 
previous section to the case with FI term. In Sec.V we analyze the effective potential of the 
LEEA which is obtained in the previous section, and discuss the vacuum structure of N=0 
QED. Sec. VI is devoted to the conclusion. Our notations and conventions are summarized 
in Appendix. 



II. HARMONIC SUPERSPACE FORMALISM 

We briefly review some of the basics of the harmonic superspace formalism (HSS). HSS 
is the formalism for N=2 extended supersymmetry developed by Galperin et al. |2^. The 
standard N=2 superspace is parameterized by the coordinates 

(1) 

where a is the spinor index and i is SU(2)r index. The key ingredient in HSS is the harmonic 
variables uf which parameterize the coset space SU(2)r/U(1). The variables satisfy the 
relation 

n+Vr = 1, (2) 

where ± denote U(l) charge ±1. The variables of the harmonic superspace in the central 
basis (CB) are 

CB:{x^^,d^,,ei,uf}. (3) 

Harmonic superfields are the functions of these variables. In CB the differentiation by the 
harmonic variables are defined as 

and the integration over u is defined by the following rules: 

j du 1 = 1, (5) 
ydu«J^---u+M- ■■■M-^) = 0, n + m>0, (6) 

where the parenthesis mean symmetrization of SU(2)r indices. Namely, the u integration 
is defined to pick up the SU(2)r singlet part. The Lagrangian which is described by the 
harmonic superfields is not manifestly real under the usual complex conjugation. However, 
it is real under the conjugation which is the combination of the usual complex conjugation 
and the star conjugation. The star conjugation for the harmonic variables are defined by 

iutr = ur, (ury = -ut, (7) 

and other quantities are singlet under the conjugation. The harmonic variables are trans- 
formed under the combined conjugation as 
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u^^* = -uf, uf =u^\ (8) 
There is another important basis called the analytic basis (AB): 

AB:{x%e^,et.uf}, (9) 

= e'uf, = e^uf. 

Irreducible harmonic superfields are not the function of the entire variables of AB or CB but 
the function on their subspaces, the analytic subspace (ASS) or the chiral subspace (CSS). 
ASS is defined by 

ASS:U = {x%el,9l,uf}, (10) 

and it is an invariant subspace under N=2 supersymmetry transformation. This fact allows 
one to define the analytic superfields which satisfy the analyticity conditions 

^V'HCa) = ^V'^)(Ca) = 0, (11) 

where 

and q denotes U(l) charge of the field. 

There are two basic supermultiplets in the N=2 supersymmetry: the hypermultiplet and 
the vectormultiplet. Fayet-Sohnius(FS) superfield pl| describes the complex hypermultiplet 



whose on-shell physical components are (/W^j^^), where /* is a complex scalar in SU(2)r 
doublet, and (^Z^, Lp) is a Dirac spinorQ. The superfield with U(l) charge +1 is written down 

as 

+ 9+e+M-{xA, u^) + e+e+N-{xA, u^) 

+ e+a^'e+v^{xA,u^) + V2e+9+e+i--{xA,u^) 

+ V2e+x'-{xA, u^) + e+e+e+e+D—'{xA, m^), (is) 

where F"*", M~, and D are complex scalar fields, tp, ^ and x ^-^e Weyl fermion 
fields and is a complex vector field. Each component field can be expanded in uf . For 
example, 

oo 

F^{xA^u^) = E f''-"'^'''-'"\xA)ul ■ ■■vl^.uj^ ■ --uj^y (14) 

n=0 



^There is another harmonic superfield, Howe-Stelle-Townsend superfield, which describes real 



hypermultiplet [22|. 
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Therefore, FS superfield includes infinite number of auxiliary fields. The action for a free 
complex FS hypermultiplet is given by 

= J c/ci"^^(iw0+*D++0+, (15) 



where D^~^ is a covariant derivative in AB given by Eq. ( |A17| ) and d(j^ is the analytic 
measure defined by 

(iCi"'^ = d^'xAd^e+dW. (16) 

Solving the equation of motion D~^^(f)~^ = 0, we can easily check that only the physical 
components remain and follow free equation of motions. 

The on-shell physical components of a vectormultiplet are [A, A^, X^), where A is a 
complex scalar, is a vector field and A* is a Majorana spinor in SU(2)r doublet. A 
vectormultiplet is described by the dimensionless analytic superfield V^^ of U(l) charge 
+2. It transforms under gauge transformation as 

6V++ = -D++X{xa,u^) (17) 

in abelian case, where A is an analytic superfield with U(l) charge 0. Here V~^~^ is chosen 
to be real, namely. 



V++ = V++ . (18) 
If we take the Wess-Zumino-like gauge. 



V++{Ca) = 9+e+—A{xA, u^) + e+e+—A*{xA, u^) + iO+a^^e+A^ixA, u^) 



^A{xA,u^)+9^e+^. 

+e+e+e+2\- {xA,u^) + e+e+e+2\-{xA,u^) + 6+6+6+9+ d—{xa,u^), (i9) 



where D = D^'^^^u^^ Uj is a real auxiliary field in SU(2)r triplet. 
CSS is defined by 

CSS:C/? = K,^«,w?}, (20) 
= - id'a''6i, 

and the gauge field strength superfield W is described as a function on it. 

W{xR,6) = -ydu{D+)'V++ (21) 
= -^A*{xn) - -Le^^e,i{9'6^){9''9')nA{xn) - -fa^^a^9,F^,{xR) 

+6'\{xn) + \^{9'9'){6^a^^^\\xn))e^keJk + ^-e,ue,k{9'9^)D''^'\xR). (22) 

The superfield which is a function on CSS is called the chiral superfield. Note that the chiral 
superfield W does not exphcitly depend on 9i and uf and can not the function on ASS. Also 
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note that the analytic superfield can not be described as a function on CSS. The action of 
a vectormultiplet is given by 

S„ = ^Imr J cICrW^, (23) 

where r = + ^ with that e is the gauge couphng and 6 is the vacuum angle. d(ji = 
d'^XRd'^Odu is the chiral subspace measure. 

We write down the tree-level action of SQED with single matter as 

S = j dC^A^^du ^\D++ + 2zl^++)0+ + ^Imr j dUW^. (24) 

The integrand of the first term (the analytic part) must have U(l) charge +4 and does not 
explicitly depend on 6~ and 6'~, i.e., it must be analytic. The chiral superfield does not 
appear in the analytic part, because the chiral superfield does not satisfy the analyticity. 
Similarly, we find that the analytic superfield does not appear in the integrand of the second 
term (the chiral part). The chiral part does not explicitly depend on 6i and uf. These facts 
are important for constructing the LEEA. 



III. CONSTRUCTION OF THE LEEA WITHOUT FAYET-ILIOPOULOS TERM 

In this section we construct the LEEA of SQED with single massless matter using the 
harmonic superspace formalism. In the next section we apply the method used in this section 
to the case of including FI term. The tree-level action leads the scalar potential 

y=|y2A|V7. + |(/7.)', (25) 

where Cq is the bare coupling constant, A and /* are the complex scalar fields in the vector- 
multiplet and FS hypermultiplet, respectively. The classical moduli space is parameterized 
by the vacuum expectation value of the complex scalar field A. In case of single matter, 
/* has no vacuum expectation value and the gauge symmetry is not broken. Namely, the 
theory is always in Coulomb phase. If we consider multiple matter, the moduli space has 
Higgs branch in which the gauge symmetry is broken. 

Our strategy of getting the LEEA is the same which was developed in Ref. . The LEEA 
must be invariant under the enlarged symmetry transformation in which the parameters of 
the theory transform. These parameters can be considered as the vacuum expectation values 
of some external superfields. The holomorphy (or analyticity) also constrains the LEEA. By 
using the information obtained in the weak coupling limit, we can determine the LEEA. 

The transformation laws of the fields and parameters in the fundamental theory is sum- 
marized in table |. 

We assume that there is no confiment at low energies. If the resultant LEEA has no 
inconsistency, we can conclude that this assumption is justified. 

The general form of the LEEA of the chiral part (lowest order in the derivative expansion) 
is given by 

£c = ^Im j d'eg{W,K), (26) 
where giW^K) is a holomorphic function which satisfies the following conditions. 
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1. U(l) charge 0. 

2. mass dimension 2. 

3. U(1)r charge 4. 

4. gauge singlet. 

We stress again that the FS superfield can not appear in the chiral part. The parameter 
A can be understood as the vacuum expectation value of the lowest component of a chiral 
superfield. The above conditions restrict Eq. (|26|) to be the form 

£c = j^Im/AG(A)^^ (27) 

We can estimate G at one- loop level in the weak coupling limit A — > oo. Namely, we can 
get 

hm Gf4) = -1^4- (28) 



Thus we obtain 

where G includes the non-perturbative effect. We assume that G does not have singularities, 
namely, all massless particles have been already included. Then, the Liouville theorem leads 

G = constant. (30) 

Therefore, the chiral part is determined as 

£c = — Im / d^'e-W^ In —. (31) 



This is exactly the same result given by Seiberg and Witten ||I0[. Note that the singularity 
at (W) = is not removed in spite of considering the elementary matter field. The theory 
is not defined at (W) = (A) = within our assumptions. 

Next, we determine the LEEA of the analytic part. The general form is given by 

£a = / d^9+d'e+du f^+'\(P+,^*,V^+,V++), (32) 

where D"*""*" represents the covariant derivative X>++ = + 2iV~^^. Analytic function 
y(+4) ixiust satisfy the following conditions. 

1. U(l) charge 4. 

2. mass dimension 2. 

3. U(1)r charge 0. 
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4. gauge singlet. 



We stress again that the chiral superfield W can not appear in the analytic part. Considering 
the above conditions, we obtain 

Cfs= f d^O+dWdu^*V++<j)+. (33) 



Surprisingly, this is the same form of the tree-level one. The first derivation of the LEEA of 
the hypermultiplet of SQED and SQCD was done in Ref. p3 using the harmonic superspace 



formalism. In Ref. p4| the self-interaction of the massive FS hypermultiplet is derived by 
the perturbative calculation: 

AC = X f d^e+dWdu (FV+)', (34) 



where A includes an infrared cutoff. The self-interaction term does not appear in our method 
based on the symmetry and holomorphy even in the massive case. It is expected that the 
infrared divergence disappears by summing up all the one-loop diagrams with external FS 
superfields, and only the higher order terms in the derivative expansion are obtained. 
The total LEEA of SQED is 

ScE = I dC^i'^du + -^Im / dCn-W In A- (35) 



47r J ^"tt W 

We remark the modification of the moduli space by the quantum effect. The quantum effect 
forbids a part of the moduli space (W) = (A) > A where the effective coupling is 
negative. 



IV. CONSTRUCTION OF THE LEEA WITH FAYET-ILIOPOULOS TERM 

We construct the LEEA of SQED with spontaneous supersymmetry breaking to get some 
exact results of N=0 QED. In case of SQED, we can introduce FI term 

£pj = / d^e+dWdut+V++ = -e^D^ij), t+ = (36) 

to break supersymmetry spontaneously, where includes three real parameters of mass 
dimension 2: 

^ = ^(a e) = _^^(3) ^ ^(2) j ■ (37) 

The procedure of constructing the LEEA is the same as that in the previous section. 
The transformation laws for the fields and parameters are summarized in table |I[ The 
parameters can be understood as the vacuum expectation value of the analytic superfield 

First we consider the LEEA of the chiral part. Repeating the same arguments in the 
previous section, we obtain the general form 
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£c = ^Im / d%iW, A) = i^Im / d^9G (A) w\ (38) 

This is exactly the same form that is obtained in the case without FI term. The coefficient 
can not be included in G. After all, using the one-loop result for G, the LEEA of the 
chiral part is given by Eq. (|3T1) . 

Next we consider the LEEA of the analytic part. The general form is 

£a = / (f9+(fe+du f ( A^ ) (39) 



We can estimate the function / y ^+-^* j the weak coupling limit ^'^^ using the 

perturbation theory. We find that there is no one particle irreducible diagram which includes 
C,'^'^ and conclude 

/ ^++ \ 

lim f — =T = constant. (40) 

We can make the constant unity by rescaling the field 0"'". Including the non-perturbative 
effect, / is given by 

where / describes non-perturbative effect. Here, we assume again that all massless fields 
have been already included and the analytic function has no singularity. The Liouville 
theorem leads 

Therefore, after all, the LEEA of the analytic part is exactly the same with that is obtained 
in the case without FI term. 

The FI term in Eq. ( |36D is the exact form. An analytic function h ^ ^ seems to be 

allowed as the coefficient function of FI term. However the function must be a constant due 
to the gauge invariance. Note that V~^~^ is gauge invariant up to the total derivative. 
We conclude that the LEEA of SQED with FI term is given by 

S,s = f dC^^'^hu + — Im / dCn-W^ In 4 + / dC'^A^'^du (43) 

J An J TT W J 



V. POTENTIAL ANALYSIS OF N=0 QED 

In this section, we write down and analyze the effective potential of the LEEA which is 
obtained in the previous section. We take the polar decomposition 



A = ae*", (44) 
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where a and a are real scalar fields. The contribution to the potential from the analytic 
part including FI term is 

Va = {^affh + l^fPD^,,) - ie^I^fe). (45) 
The contribution from the chiral part is 

= ^ (^^^^^'^^fe) In ^ - \d^''^D^,,^ + h.c) . (46) 

Using the equation of motion of the auxiliary field D'^'^^\ we obtain the total scalar potential 

as 

Kff = Va + Vc 

= {V2affU - ^ [fP + [hf, + ^6,) , (47) 

a 

where A' = Ae"^*^^. Note that the potential is independent of the scalar field a. The vacuum 
expectation value of a is unphysical, since G term in U(l) gauge theory has no meaning. 
The extremal conditions for a and / are 

^ (x/2a)^e., - ( /./, + k,) I f = 0, (48) 



dp V ' In^ V'-" 2 



The solution is 

P = f = 0, 
a — s> oo. (50) 

This solution gives V^g = and N=2 supersymmetry seems to be unbroken. However, such 
a solution is ruled out, since a > A is not allowed by the quantum deformation of the moduli 
space. Therefore we conclude that there is no stable vacuum in the LEEA of SQED with 
FI term under the assumption of no confinement^] . 

Here, we summarize how the moduli space has been deformed. In the classical theory 
the moduli space is parameterized by a, and any value of a is possible (fig.^(a)). By the 
quantum effect the region a > A and a point a = are forbidden (fig.||(b)). By including 
FI term remaining moduli space is lifted up and slopes down to a = axis, and no stable 
vacuum exists (fig.H(c)). 

We interpret this results as follows. Recall that we assume that the confinement does 
not occur at low energies. Thus, the result no stable vacuum in the LEEA of SQED with FI 



^Without FI term there is a stable vacuum, of course. We can define a theory on a point in the 
moduli space except for a=0 and a > A. For small a, the LEEA reduces to the one obtained in 
the perturbation theory. 
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term, suggests that the confinement may occur at low energies. If we assume confinement 
at low energies, we may be able to remove the singularity at a = and may obtain a stable 
vacuum. 

The shape of the scalar potential is given in fig.^ The vacuum energy incorrectly takes 
negative value for a > A'. For a < A', the potential slopes down to a = axis where the 
theory can not be defined. The slice of the potential along / = axis is shown in fig.|[ We 
have almost the same form as in fig.0 for any slice along / 7^ 0. 

The structure along the axis of the constant a is a little complicated. We can understand 
it by referring the masses of two fields /*. They are obtained as 

</. = (v^«)^±^{E(?^"^)^}^ (51) 

Note that one of the squared masses can become negative for small value of a satisfying 
condition 

2vr^|f:(e(^))^|'>(v^a)Mn^. (52) 
Fig.^ shows the typical shape of the slice along a 7^ for small a. 



VI. CONCLUSION 



To obtain some exact results of QED, we constructed the LEEA of SQED with single 
massless matter including FI term. We assumed that the confinement does not occur at 
low energies and the LEEA is described by elementary fields. We found that the harmonic 
superspace formalism is very useful for applying symmetry and holomorphy in the construc- 
tion. We reproduced the LEEA of the chiral part which is coincide with the result given by 
Seiberg and Witten. We constructed the LEEA of the analytic part including FI term. This 
part was the tree- level exact. We wrote down the scalar potential of the LEEA and analyzed 
it. We found that there is no stable vacuum, and could not define the theory. We interpret 
this result as an evidence of the confinement at low energies in non-supersymmetric QED. 
If we assume there is confinement at low energies, we may get rid of the singularity at a = 
and obtain a stable vacuum. 



APPENDIX A: 



Metric and anti-symmetric tensors: 



^^, = diag(l, -1,-1,-1), (Al) 

e'''' = l, eoi23 = -l, (A3) 
^/'° = e°%, ij^ = e^f3ij''. (A4) 

(A5) 
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Pauli matrices: 



Supersymmetry algebra in the massless case: 



{Qia, Qi} = -2i5/<J^ P^, P, = id,, 
{Qia, Qjp} — 0, 



Co variant derivatives in CB: 

= 

86: 



d 



, d 



du+' 

Covariant derivatives in AB: 



d_ 
d 



Or — - HB^'^rf^ -8 

D++ = - 2ie+a^9+-^ + + et- ^ 



d d d-d 



du+^ dx'X 09+'^ "^891 
Some useful algebras: 

[Dt,D-] = -D-, [Dt,D-] = -Dl, 

[D-,D++] = -D^, [DT,D++] = -D+ 
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TABLES 





U(l)g 


U(l) 


U(1)r 




1 


1 





V++ 




2 





w 








2 


A 








2 



TABLE I. The transformations laws in the fundamental theory. U(l)g denotes gauge group 
and U(l) denotes the projected charge of the global symmetry SU(2)r. The scale of dynamics A is 
a parameter of the theory. We assign U(1)r charge 2 to it, by which the theory has non-anomalous 
U(1)r symmetry. 



U(l)g U(l) U(1)r 



V++ -20 

2 

A 2 

^++ 2 



TABLE IL The transformation laws in the fundamental theory with FI term. 
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FIGURES 




V 




-10 -8 -6 -4-2 2 4 6 8 10 
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FIG. 3. The slice of the potential along a = 0.1 with ^(°) = 100. 
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(a) (b) (c) 



FIG. 4. (a) Classical modulispace: No constraint for a. (b) Quantum moduli space: Shaded 
region (a = 0, a > A) denotes the excluded region, (c) Quantum moduli with FI term: No allowed 
region. For clearly visualizing the situation, we describe these pictures as if a takes a complex 
value, though its phase is unphysical. 
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